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The effective spectrum and wave functions of electron states in graphene under the electromagnetic 
wave with circular polarization are found. The band gap in the graphene spectrum induced by the electro-
magnetic wave is calculated. Occurrence of such gap is shown to have the nature of the parametric reso-
nance. The effective energy of the electron state in graphene is proved to be the energy averaged over the 
period of the electromagnetic wave. 
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1. INTRODUCTION 
 
The investigations of electronic and optical proper-
ties of graphene are very intensive last time [1-8]. The 
relativistic character of the graphene electron spectrum 
leads to the unusual electrodynamical properties of the 
graphene based structures which are presently studied 
both experimentally and theoretically [9-17]. In [11, 12] 
the high-frequency conductivity of the graphene is cal-
culated. The nonlinear electromagnetic (EM) response 
of the graphene is studied in [13-15] where the fre-
quency multiplication effects were predicted. The pos-
sibility of the propagation of the solitary EM wave in 
the graphene superlattice was shown in [16, 17]. In [18-
23] the dynamical modification of the graphene band 
structure under the high-frequency EM radiation was 
investigated. 
The nonlinear electrodinamical properties of gra-
phene open new opportunities in optoelectronic engi-
neering. The possible applications of the predicted opti-
cal effects of this material were discussed in [14, 23-26]. 
The graphene dispersion law can be modified by the 
action of the electromagnetic wave. This dynamical 
modification can leads to new optical features of gra-
phene such as induced selftransparency [28]. Below we 
suggest the graphene exposed to the electromagnetic 
wave with circular polarization and find the wave func-
tions and the effective energy of electron in this case 
using the Klein-Gordon-Fock equation. 
 
2. DYNAMICAL OCCURRENCE OF THE GAPS 
IN THE GRAPHENE SPECTRUM 
 
The circularly polarized EM radiation is supposed 
to fall on the graphene plane (Fig. 1). The electron 
spectrum of graphene near the so-called Dirac point 
has the form [1-5]: 
 
 ( ) Fp pe u= , (1) 
where Fu  is the velocity on the Fermi surface. The vec-
tor potential of EM wave has the harmonic form: 
 
 ( ) sin , coscEt t tw ww
ì ü= -í ý
î þ
A , (2) 
 
where E and w are  the  intensity  and the frequensy of  
the EM wave correspondingly. To find the wave func-
tion of the electron state in the graphene we use the 
Dirac equation [6]: 
 
 F ˆ ˆ
ei
t c
y u y¶ æ ö= × +ç ÷¶ è ø
σ p Ah , (3) 
 
where ( )ˆ ˆ ˆ,x ys s=σ  are Pauli matrixes, ˆ i= - Ñp h , Fu  is 
the velocity on the Fermi surface, e  – electron energy, 
y  is the spinor function: 
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functions ( )1 ,ty r  and ( )2 ,ty r  describe the electron 
states in two nondependent crystal sublattices, of gra-
phene [1-4]. From (3) we derive: 
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F
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The equation for the function 2y  has the same form as 
that of the function 1y . The solution of (5) is found in 
the next form: 
 
 ( ) ( )1 ,
i
t t ey c
×
=
p r
r h . (6) 
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Fig. 1 – Schematic of the process 
 
Substituting (6) in (5) we receive: 
 
 ( ) ( ) ( )
2 2
2
02
d sin
2d
q t t t
t
c w c w q c- + - = W  (7) 
 
where ( )arctg y xp pq = , the parameters 0W  and q  are 
defined by the formulas: 
 
( ) ( )2 2 2 2 20 F Ep p puW = +h , 2F2 24 Ep pq u w= h , E
eEp w= . (8) 
 
We introduce a new variables: 2 2tx w q p= - - , 
2 2
04 wG = W . Then instead of (7) we derive the Mathieu 
equation [28]: 
 
 
2
2
d 2 cos2
d
qc c x c
x
- + = G , (9) 
 
The solution of (9) is the function satisfying the Flo-
quet-Bloch theorem: 
 
 ( ) ( )
effi t
nt P t e
e
c -= h , ( )2n nP t P tpw
æ ö+ =ç ÷è ø
. (10) 
 
The parameter effe  is determined as a qusienergy 
[27]. If the qusienergy is the whole number of wh  then 
c(t) is the periodic Mathieu function [28]: 
 
 ( ) ( )ce ,kt t qwc p= , ( ) ( )se ,kt t q
wc p= , (11) 
 
where k = 0, 1, 2… Near the values of the quasimomen-
tum np  which satisfy the following condition: 
 
 ( )02 np nwW = , n = 1, 2…, (12) 
 
the exponential increase in the amplitude of the wave 
function occurs [27,29,30] (parametric resonance). This 
leads to a series of gaps arising in the energy spectrum 
of originally gapless graphene (Fig. 2). From (12) we 
derive for the quasimomentum np : 
 
2 2 2
2
2
F4
n E
np pw
u
= -h . (13) 
 
The appearance of the gap with number n  is seen 
from (8) and (13) to be possible if the next condition is 
true: F2 Ep nu w< h . 
 
 
 
Fig. 2 – The scheme of the effective energy spectrum of the 
graphene 
 
3. GAP SEMIWIDTH IN THE EFFECTIVE SPEC-
TRUM OF GRAPHENE 
 
If the next inequality is performed: 
 
 2 20qw << W , (14) 
 
then the wave function ( )1 ,ty r  has  the  next  approxi-
mate form: 
 
 ( ) ( )0 0
cos
4
1 ,
qi t t
t e
w w q
y
æ ö× -W - -ç ÷ç ÷Wè ø=
p r
r h . (15) 
 
In the situation (14) the gap semiwidth in the effective 
energy spectrum, corresponding to the case 1n = , is: 
 
 2 2 2 2F1 F
2 4E E
p pu w uwD = -hh . (16) 
 
The width of the energy gaps corresponding to the 
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cases 2n ³  decreases as ( )2 20 nqw W  [29, 30]. The con-
dition (14) can be rewritten as the next inequality 
2 2
E Ep p p p<< +  which is true when Ep p<<  or 
Ep p>> . 
 
4. QUASICLASSICAL LIMIT 
 
If the next two inequalities are performed: 
 
 2 20 wW >> , 1q >>  (17) 
 
then the function ( )eff ,qe G  is equal approximately [28]: 
 
 ( )eff
0
, 2 cos2 d
2
q q z z
pwe pG = G -ò
h . (18) 
 
Substituting (8) in (18) we obtain: 
 
 ( ) 2 2Feff
0
2 cos dE Ep p p p p x x
pue p= + +ò , (19) 
 
After integration in (19) we have: 
 
 ( ) ( )Feff 2 2E E
E
p p p p
p
p p
ue p
æ ö+ ç ÷= Eç ÷+è ø
. (20) 
 
where E(x) is the complete elliptic integral. 
Conditions (17) lead to the following correlation: 
~Ep p 2 2Ep p+ >> 2 2 2Fw uh  which  is  performed  for  EM  
waves of high intensities and low frequencies: 
F Epu w>> h . The last inequality means that electron 
free path over the wave period ( )e F~ 2l pu w  is  much 
more than the de Broglie wavelength ( )~ 2E Epl ph . 
Thus the dispersion law (20) corresponds to the quasi-
classical approximation of the electron dynamics in the 
graphene under the EM wave [31]. In this situation the 
qusienergy ( )eff pe  can be interpreted as the electron 
energy averaged over the EM wave period. Indeed, the 
average energy of the electron in the graphene under 
the presence of the EM wave is: 
 
 ( ) ( )
2
F
0
d
2
e t t
c
p wwue p= +òp p A . (21) 
 
After substitution (2) in (21) and after integrating 
we obtain for the electron spectrum of the graphene 
under  the  EM  wave:  ( ) ( )eff pe e= p  [31]. The depend-
ences of the effective energy (20) on the quasimomen-
tum are shown on the figure 3 for the several values of 
the amplitude of the electric field intensity E . Near 
the minimum ( )Ep p<<  the spectrum (20) can be ap-
proximated as: 
 
 ( )
2
eff 2E E
pp
m
e = D + , (22) 
 
where F2E Em p u=  is the electron effective mass, 
FE EpuD =  is the band gap semiwidth. The band gap is 
seen from (22) to arise under the HF electric field. The 
effective mass becomes nonzero. The magnitudes of 
these parameters can be regulated by changing of the 
amplitude of the EM wave. 
 
5. DISCUSSIONS 
 
The EM wave is shown above to induce the series of 
band  gaps  in  the  spectrum  of  originally  gapless  gra-
phene.  The  appearance  of  such  gaps  is  due  to  condi-
tions (12) performing, where W0 depends on the param-
eters of the graphene band structures and wave. So the 
gap appearance has the parametric nature. The band 
gap semiwidth is seen from (16), (20) and (22) to be regu-
lated by the EM wave intensity changing. 
 
 
Fig. 3 – The graphs of the dispersion law (20), Fp a= h  is the charge carrier quasimomentum on the Fermi surface, a = 0.246 
nm is the lattice constant of graphene [1, 2] 
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The effective mass Em  dependence on the EM wave 
intensity can lead to the so-called effect of induced 
selftransparency. This effect is explained by the plasma 
frequency plw  changes due to effective mass changes 
with the wave intensity E. So the condition plw w>  aris-
es instead of initial condition plw w< . As a result weak 
wave reflects from the surface, and the intensive wave 
passes through. 
Now we make the numerical estimates of value of the 
band gap semiwidth. For the next values of the parame-
ters: Fu = 108 cm/s, w = 1013 s–1, E = 3∙103 V/cm, we 
have ED = 0.03  eV,  which  is  quite  measurable  experi-
mentally. 
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